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1 Introduction

The Hopf fibration S3 — S? is well-known as one of the first classical examples of a
nontrivial fiber bundle.

Remarkably, not only are the total and base spaces spheres, but the fiber of each point
is homeomorphic to the sphere S?.

A natural question to ask upon observing this is whether this is the only such fibration
consisting entirely of spheres. Namely, for which triples of integers (I, m,n) do we have a
fibration of spheres S™ — S™ with fiber S'?

While this seems to be a rather superficial question, the answer is quite interesting.

There are exactly four such fibrations.
Theorem 1.1. The only fibrations between spheres are:
o St — ST with fiber SV
o 53 — S? with fiber S' (Hopf fibration)
o ST — S* with fiber S3
o S — S8 with fiber S”
Proposition 1.2. These fibrations exist.

Proof. Constructing these is actually quite simple. Let A be equal to R, C, H (the quater-
nions), or O (the octonions).
Note that A is a real division algebra. We can construct the projective line AP' over

A by taking the quotient of A2 — {0} by the equivalence relation (ag,a;) ~ (Aag, Aa1) for



any A € A. Furthermore, AP! inherits the topological structure given by viewing A as a
real vector space.

Letting dimg A = k, we have that AP! is homeomorphic to the sphere S*. This is clear
for the real and complex cases and is not difficult to show for the others.

Next, observe that we can canonically embed S?*~! into A? as the set of vectors of unit
norm.

Our fibration is then given by the restriction of the quotient map A% — {0} — AP'. The
fiber of a point (ag,a;) € AP! is the set of vectors of unit norm in the line {(Aag, Aa) | A €
A}. By definition, this is a copy of S*~1.

Our four algebras have k = 1, 2,4, 8, giving us our four fibrations between spheres. W

The more difficult part, of course, is proving that no other fibrations exist. We can
turn to the most basic tool of homotopy theory, the long exact sequence of a fibration, to

establish a preliminary result.
Proposition 1.3. Any fibration S™ — S™ with fiber S* must satisfy | =n — 1.

Proof. Apply the long exact sequence of a fibration. The sequence
Tn(S™) = (S") — 7rn_1(5'l) — Tp—1(S™)

is exact.
The leftmost and rightmost groups vanish since m > n. As a result, we find m,_1(S) ~
Tn(S™) = Z, so we must have | <n — 1.

Furthermore, we have for any k > 1 that
7Tn,k+1(5n) — Fn,k(sl) — ﬂ'n,k(Sm)

is exact, so it follows that m,_1(S') = 0 for all & > 1.
From this, we immediately find that [ =n — 1. ]

Determining which triples form fibrations from this set onwards is significantly more
difficult and follows from a much deeper theorem known as Adam’s theorem or the Hopf
Invariant One Theorem. While there are a couple of methods of proving Adam’s theorem,
we will discuss Atiyah’s beautiful K-theoretic proof in this paper.

Before diving straight into the proof, we spend a couple of sections developing the

necessary theory. In Section 2, we will construct and prove some basic properties of the



Adams operations on K-theory. Then, in Section 3, we will construct the Atiyah-Hirzebruch
spectral sequence for generalized cohomology theories.
Following this, we are ready to present the main result. In Section 4, we introduce the

Hopf invariant and prove Adam’s theorem.

2 Adams Operations

Complex K-theory, like other cohomology theories, is functorial. First, it sends a topolog-
ical space X to the ring K(X). Next, given any continuous map f : X — Y, there is an
induced pullback map f*: K(Y) — K(X). Therefore, K-theory satisfies the conditions to
be a functor from the category of topological spaces to the category of rings.

The Adams operations on complex K-theory are a special case of a cohomology op-
eration, which are simply natural transformations from the K-theory functor to itself.

We first define these operations in the following existence theorem.

Theorem 2.1. There exist cohomology operations called Adams operations " that sat-
isfy WP (L1 @ - @ Ly) = L¥ @ --- @ LE for line bundles Ly, La,- -+ , Ly,.

Before we can construct the Adams operations, we must make use of a quick lemma,

which follows by simple algebra.

Lemma 2.2. Let op(z1,22, -+ ,p) be the kth symmetric sum of the variables x;.
Then there exists a unique polynomial sy such that sk(o1(x1, -+ ,Tpn), - yon(T1, + ,Tpn)) =
a4+ k.

Now we can prove our theorem.

Proof. For a line bundle L, we have A¥(L) = L if k = 1 and 0 if ¥ > 1. Note that the
exterior power AF of Ly @ --- @ L, is equal to

D5 ek A (L1) © A2(L2) © - @ A (L)

If any of the e; are greater than 1, then that term in the direct sequence cancels out. We
are therefore left with the kth symmetric sum of the L;. As a result, we can immediately

apply our lemma and define

YLy @D Ly) = si(AY L1 @ - Ly), -, A"(L1 & - @ Ly))



We can then extend this to general E by setting /*(E) = s, (AY(E),--- ,A™E)). ®
Next, we prove some properties of these Adams operations.
Lemma 2.3. The Adams operations satisfy the following identities:
o Phgpl = gl
e YP(FE) = EP mod p for prime p
o Yk K(S?) — K(S*) is multiplication by k.

Proof. The first identity is an immediate consequence of the splitting principle.

To prove the next identity, we again apply the splitting principle and notice that (L ®
-+ @ Ly)? is equal to @LY plus p times several other terms. Therefore, taking this mod p
gives us LY as desired.

For the final identity, first consider n = 1. We have that the Bott generator is by = [H|—
1, where H is the hyperplane bundle. Then, applying 1* gives us [H]* —1 = (1 +bg)* — 1
Since b, = 0 for any i > 1, we have this is equal to 1+ kby — 1 = kbo.

Next, we induct using the external tensor product. We have the Bott generator bo, is
equal to bg, o ® by. Since ¥* is a ring homomorphism, we find that ¥ (ba,,) = ¥ (ban_2) @
VF(by) = k" bgy_o @ kby = k"bay,. [ |

3 The Atiyah-Hirzebruch Spectral Sequence

This section assumes familiarity with the basic definitions regarding spectral sequences.
Interested readers can find the necessary material in [Beh)].
A nice property of K-theory is that it satisfies the conditions to be a generalized coho-

mology theory.

Definition 3.1. A generalized cohomology theory is a set of functors {h'};cz from
the category of CW-pairs to the category of abelian groups with natural transformations

(or “boundary maps”) &° : h® — hi*! that satisfy the following axioms:

e Homotopy: h‘(f) = hi(g) for any two homotopic maps f,g: (X, A) — (Y, B)



e Long Exact Sequence: The inclusions i : (4,0) — (X,0) and j : (X,0) — (X, A)

induce the long exact sequence
i h'(), 14 HONY; 5 i+l
o= (X, A) —= B(X,0) —> RY(A0) = AT (X,A) — -

e Excision: If X = AU B is a CW-complex with subcomplexes A and B, then the
inclusion i : (4, ANB) — (X, B) induces an isomorphism h(i) : h(X, B) — hi(A, AN
B).

o Additivity: If (X,A) = Uy(Xa,Aq) then the inclusions induce an isomorphism
(X, A) =TI, P Xa, Aq)-

Note that these are exactly the Eilenberg-Steenrod axioms for regular cohomology,
minus the “dimension axiom” which states that the cohomology of a point is 0. Due to
the lack of this dimension axiom, generalized cohomology theories are more flexible and
can often give more information about a topological space. However, they are often much
more difficult to calculate.

This is where the Atiyah-Hirzebruch spectral sequence comes in. We use the shorthand
Ri(X) for K1 (X,0).

Theorem 3.2. Given a generalized cohomology theory h and singular cohomology H, the

Atiyah-Hirzebruch spectral sequence is a spectral sequence with Eo page satisfying
EP® = HP(X,hi(x)) abutting to hPTI(X).

The Atiyah-Hirzebruch spectral sequence can be constructed using the method of exact

couples. We give the outline of the construction below.

Proof. Given a CW-complex X, we have a natural filtration
xO0) g x() <y x2) ...

where X®) is the p-skeleton of X.

For every p, we have the long exact sequence of a pair

RN hi(X(p),X(p_l)) R (5) hi(X(p))) hi (i)

RiXP=1) O pitl(x®) x -1y, ...



We can put these all together to create an exact couple
Al A AS E R A

where A = @, ,h?T(XP)) and F = @, ,hPT9(XP), XP~1) are bigraded over p, q.

This yields a derived exact couple
YN U N > AR

where E' = ker(dj.)/im(dj.) and A" = i,(A). The map i’ is defined as the restriction of
ix to A’ and j’ is induced by j canonically. To define ¢, pick a’ € A’ and a such that
ix(a) = a’. Then we have that d(a) is in the kernel of §j, so we can define ¢’(a’) to be the
image of d,(a) in E'.

This is an exact couple itself, so we can continue to take successive derived couples. It
is then immediate that the sequence E, E’', E”,--. forms the pages of a spectral sequence.

Diagram chasing through the differentials which are defined as the composition of dj
at every exact couple, we see that they map EF? to EPT4" 1,

Therefore, eventually we can see that these differentials stabilize since EX'? = 0 for any
p,q < 0. We call the stabilized groups E%’ We omit the proof, which can be found in
[Adams|, that ER! = hPT9(X).

Going back to our original F, we have that

EP4 = ppra(x @) x(e-1))
= prta(x () ) x (P=1))
— %erq(\/ SP)
— Hﬁp+q(sp)
="

= Coo(X, h(%))

cell

The identity ?Lerq(Sp) = h9(x) is immediate from applying excision to the pair (DP, SP~1)
to get that hPT9(SP) = hPt9-1(SP~1) and the inducting.
It follows immediately that the Fy page is equal to HP (X, hi(x)) as desired. [ |



4 Adams’ Theorem

Finally, we arrive at the proof of our main theorem. Before we proceed, we introduce the

Hopf invariant.

Definition 4.1. Let f be a map S?"~! — S™. Using this, we can form a CW complex
C(f) given by attaching a 2n-cell to S™ via f. By cellular cohomology, it is immediate
that HY(C(f)) = Z for i = 0,n,2n and 0 elsewhere.

We define the Hopf invariant of f to be the image of the generator of H™(C(f)) under
the cup square H*(C(f)) — H?"(C(f)).

Lemma 4.2. The Hopf invariant is always 0 for odd n.

Proof. This is immediate by graded commutativity of the cup product. If o generates
H™(C(f)), then o — o = (—=1)"*(a — a) = —(a — a). Therefore, it must be equal to
0. [ |

Consider our problem of classifying fibrations S™ — S™. We know that the fiber must
be "~ from our derivation with the homotopy long exact sequence. From here, it is easy
to deduce that m = 2n — 1 by dimensional considerations.

To go further, we must use the following lemma, which is proved in [Price].

Lemma 4.3. The map f can be a fibration for n > 1 with fiber S"~! only if it has Hopf

invariant one.

Proof. Consider the mapping cylinder My of f, which by definition is a disk bundle with
fiber D™ over S™.

We have a fiber bundle of pairs (D™, S"~1) — (M, S?"~1) — (S, S").

Note that the space C(f) is just My/S?" L.

By the Leray-Hirsch theorem, the Thom class 7 € H"(My, 5" !) is a generator of
H™(C(f)). However, if « is the generator of H™(S™), then f*« also generates H"(C(f)).
It follows immediately that 7 = +f*a.

By the Thom isomorphism theorem, H™(S™) ~ H?"(M;, S?"~!) by taking the cup
product with 7. It follows that the generator of H*"(My, S**~1) is f*a — 7, so it generates
H?"(C(f)) as well. This is equal to +(f*a)?, so the Hopf invariant is 1. [ |

Therefore, it now suffices to establish when a map can have Hopf invariant one, which

we prove in the style of [Sial.



Theorem 4.4. (Adams Theorem) Any map f : S?"~1 — S™ for n > 1 has Hopf invariant
one iff n = 2,4, 8.

Proof. First, we apply the Atiyah-Hirzebruch spectral sequence to calculate K(C(f)). The
K-theory of a point is just Z, so the Fa page is given by EY'? = Z for p = 0,n, 2n.

The differentials are 0 up to the E, page, where we have maps ER? — ERT™1-"HL
Unrolling the definition of the Atiyah-Hirzebruch sequence leads us to see that these dif-
ferentials are 0 as well, so the sequence collapses and the K-theory of C(f) is exactly the
ordinary cohomology ring.

As a result, we have K(C(f)) is free with two generators in degrees n and 2n.

We pick the generators ay,, o, such that «,, restricts to a generator of K (S™) and gy,
is the pullback of a generator of K (52") under the map C(f) — C(f)/S™ = §?".

Recall that 1 is multiplication by k" on K (82™). Since the Hopf invariant is 0 when
n is odd, we can restrict to when n is even. As a result, we find that by construction of

our generators
TﬂZ (an) = 2n/2an + paon

for some integer . We also have however that ¥?(a,,) = a2 = H(f)ag, modulo 2, so
it follows that p mod 2 is the Hopf invariant mod 2. Now it suffices to find when p is equal
to 1.

We have ¥*(ay,) = k™20, + ppaay,. We have ipFep? = pF+2 = op2yk,

Evaluating both of these on «,,, we get
wk¢2(an) = kn/2(2n/2an + ,U/OZQTL) + ,Ufkwk(oﬂn) = kn/2(2n/2an + Na2n) + QnNkQQn

and
w2wk(an) = 2”/2(k:”/2an + prooy) + k" pagy,

Therefore, we can compare coefficients to get
2" gy + k" = K" 27

which implies

If 4 is odd, then we must have 2"/2 divides k"/2 — 1 for any odd k. If n > 2, then

k™2 — 1 is only equal to 0 modulo 4 if n/2 is even.



Then, we can take k = 1 +2%4 to get that 2/2 divides (1 +2"/*)"/2 — 1, which implies
that 2/2 divides %2”/ 4 which is equivalent to 27/4 divides n /2.

We have 225 > 5 for, so we can only consider 1 < n/2 < 4. A quick check tells us that
n = 4,8 are the only possibilities for n > 2.

We also have n = 2 clearly works, which concludes our proof. |
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